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Introduction

T HE signi� cance of the linear eddy viscosity k–² model is di-
minishingdue to the de� ciency that it cannotaccuratelypredict

nonequilibrium � ows such as � ows with separation and reattach-
ment. The reasoning is most likely to be attributed to the overesti-
mation of k. However, the inclusion of a cross-diffusionterm in the
² equation may improve the predictioncapability of the k–² model,
as is experienced by Yoon and Chung1 for a compression ram � ow.

An extension ascribed to the low-Reynolds-number k–²̃ model
of Chien2 is proposed herein. Essential modi� cations made in the
original Chien (OCH) model include the introductionof the Taylor
microscale in the eddy viscosity damping function f l and the addi-
tional cross-diffusionterms in the k and ²̃ equations,which provoke
the level of energy dissipation in nonequilibrium� ow regions. The
y+ dependenceof thedampingfunctionassociatedwith the term that
yieldsa quadraticgrowthof ²̃ with the wall distanceis eliminatedby
Ry =

p
(k)y / m . The function multiplying the constant C²2 , which

takes the free turbulence into account, is dropped out. Furthermore,
the wall singularity is removed by using a physically appropriate
timescale that never falls below the Kolmogorov timescale

p
( m / ²).
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In essence, comparisons of the model predictions with the experi-
mental and direct numericalsimulation(DNS) data for well-studied
� ows demonstrate that the modi� ed Chien (MCH) model induces a
signi� cant improvement over the OCH model.

MCH Model
The proposed model determines the turbulence kinetic energy k

and its dissipation rate ²̃ by the following transport equations:
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where ² = ²̃ + D and the turbulent production term P =
¡ u i u j (@u i / @x j ). The eddy viscosity and other variables are evalu-
ated as

l T = C l f l q kTt , Tt = max
¡
k / ²̃, CT

p
m /²

¢

D = 2m k ê y2
n , Ry =

p
kyn / m (3)

where yn is the normal distance from the wall and m represents the
kinematic viscosity. The turbulence timescale Tt prevents the sin-
gularity at yn =0 in the dissipation equation. The associated con-
stants are C l =0.09, C²1 =1.44, C²2 =1.92, CT =

p
2, r k =1.0,

and r ² =1.3.
The near-wall damping function f l is taken to be a function of

R k , de� ned by

f l = 1 ¡ exp
¡
¡ 0.01R k ¡ 0.0068R3

k
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p

m k / ²̃ = yn ê
p

m Tt (4)

where
p

( m Tt ) is the Taylormicroscale.By an analysisof the distinct
effects of low Reynolds number and wall proximity, a similar type
of eddy viscositydamping function is proposedby Hwang and Lin3

in their k– ²̃ model. The use of R k confronts the singularityat neither
the separating nor the reattaching point, in contrast to the adoption
of y + =u s y / m , where u s is the friction velocity. Consequently, the
model is applicable to separated and reattaching � ows. In principle,
Eq. (4)con� rms that theTaylormicroscalecanbeusedas an estimate
of the near-wall turbulence resolution, physically required to damp
out the eddy viscosity.

The extra quantities Ek and E² in Eqs. (1) and (2) originate from
the most extensive turbulent diffusion models for k and ² equa-
tions derived by Yoshizawa4 with the two-scale direct-interaction
approachusing the inertial-rangesimpli� cation.In thepresentwork,
a truncated version is utilized that may be provided with
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where Ck and C² are readjustablemodel constants.Actually, Eq. (5)
signi� es the cross-diffusioneffects from ²̃ and k in the k and ²̃ equa-
tions, respectively.The existence of the cross-diffusioneffect from
the statisticalviewpoint is also pointedout by Leslie.5 Nevertheless,
the contrivanceherein is to model Eq. (5) so that optimal results are
achievable compared with DNS and experimental data. To receive
positive bene� ts from the numerical reliability and to integrate the
condition of inertial-range simpli� cation directly to the solid wall,
the cross-diffusionterms are designed as
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where the constants Ck =0.5 and C² = ¡ 2Ck are tuned to match
well-acquainted � ows considered hereinafter. Obviously, both Ek

and E² stimulate the energy dissipation in nonequilibrium � ows,
thereby reducing the departure of the turbulent length scale from its
local equilibrium value.

Computations
To ascertainthe ef� cacyof theproposedmodel, a few applications

to two-dimensional turbulent � ows consisting of a fully developed
channel � ow, a backward-facingstep � ow, and an asymmetric plane
diffuser� ow are considered.For a comparisonpurpose,calculations
fromtheOCH modelare also included.A cell-centered� nitevolume
scheme combined with an arti� cial compressibility approach6 is
employed to solve the � ow equations.

Channel Flow
The computation is carried out for a fully developed turbulent

channel � ow at Re s =180 for which turbulence quantities are at-
tainable from the DNS data.7 Calculations are conducted in the
half-width of the channel, imposing cyclic boundary conditionsex-
cept for the pressure. The length of the computational domain is
32 d , where d is the channel half-width. Two different grid resolu-
tions are providedfor the MCH model to show the grid convergence.
Comparisons are made by plotting the results in wall units. The re-
sults shown in Fig. 1 indicate that the MCH model predictions are
qualitativelygood relative to those of the OCH model.

Backward-Facing Step Flow
To validate the performance in complex separated and reattach-

ing turbulent � ows, the MCH model is applied to the � ow over a
backward-facing step. The computation is conducted correspond-
ing to the experimental case with zero de� ection of the wall op-
posite to the step, as investigated by Driver and Seegmiller.8 The
ratio between the channel height and the step height h is 9, and
the step height Reynolds number is Re =3.75 £ 104 . At the chan-
nel inlet, the Reynolds number based on the momentum thickness
is Reh =5.0 £ 104 . A 128 £ 128 nonuniform grid is used for the
computations, and the � rst near-wall grid node is at y + < 1.5. The
inlet pro� les for all dependent variables are generated by solv-
ing the models at the appropriate momentum thickness Reynolds
number.

Computed and experimental friction coef� cients C f along the
bottom wall (step side wall) are plotted in Fig. 2. The distance x / h
is measured exactly from the step corner. As is observed, the OCH
model gives the C f distribution with a large overshoot followed by
a sudden drop in the immediate vicinity of the reattachment point.
The MCH model is in surprisingly good agreement with the data.
The positive C f that starts from x / h =0, is due to a secondary
eddy, which sits in the corner at the base of the step, inside the main
recirculation region.

Asymmetric Plane Diffuser Flow
To further evaluate the performance, the model is applied to

simulate the � ow in a plane asymmetric diffuser with an open-
ing angle of 10 deg, for which measurements are available.9 The
expansion ratio of 4.7 is suf� cient to produce a separation bubble
on the de� ected wall. Hence the con� guration provides a test case
for smooth, adverse-pressure-drivenseparation.The entrance to the
diffuser consists of a plane channel to invoke fully developed � ow
with Re =2.0 £ 104 basedon thecenterlinevelocityand the channel
height.

Computations involving a 120 £ 72 nonuniform grid resolution
are considered to be accurate to describe the � ow characteristics.
The length of the computationaldomain is 76h, where h is the inlet
channel height. The thickness of the � rst cell remains below one in
y+ units on both the de� ected and � at walls. Figure 3 portrays the

Fig. 1 Channel � ow predictions compared with DNS results.

Fig. 2 Skin-friction coef� cient along the bottom wall of the step � ow.
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Fig. 3 Skin-friction coef� cient of the diffuser � ow along the de� ected
bottom wall.

predictedskin-frictioncoef� cientsC f . The superiorperformanceof
the MCH model, in strongcontrast to that of the OCH model, is once
more ascertained. Apparently, the ambiguous prediction regarding
the OCH model is attributableto shortcomingsin the y + dependence
viscous damping functions employed.

Conclusion
The potential importance of the cross diffusion together with

the viscous damping functions is conspicuous. The modi� cation
introduced with the Chien model is profoundly convenientbecause
it circumvents the defect entangled with the model to a greater ex-
tent. The MCH model accountsfor the near-walland low-Reynolds-
number effects emanating from the physical requirements.
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I. Introduction

S TRUCTURES made of composite materials often operate at
elevated temperatures. At these temperatures thermomechan-

ical stressing may occur. Composite structures that are thermally
stressed can resonate at various frequencies. It is therefore of inter-
est to examine the vibration behavior of structures made of com-
posite materials that are thermally stressed. Of particular interest
is the effect of initial thermal stressing to the subsequent oscillat-
ing behavior of composite panels. The present study considers two
laminated composite plates; an eight-layer (0/ 90/ 0/ 90)s cross-ply
laminate and an eight-layer quasi-isotropic (45/ ¡ 45/ 0/90)s com-
posite plate. Both plates are thermally stressed via the application
of various temperatures.Following thermal stressing,an eigenvalue
problemis considered,and the � rst naturalfrequencyof the structure
is extracted.

Researchers have started to study the vibration behavior of
composite structures at elevated temperatures.1 ¡ 5 The frequency-
temperature curves are nonlinear in nature and are affected by the
particular lamination. The present study considers the effect of the
temperature on the fundamental natural frequency of laminated
composite plates with and without cutouts. The effect of thermal
stressing on the fundamental frequency of composite plates with
holes is compared with the correspondingeffect of laminates with-
out cutouts.

II. Computational Experiments
Figure 1 shows a laminated composite plate along with all geo-

metrical and material properties. The left edge of the plate cannot
move in the three directions, whereas in all other edges the ver-
tical displacement is prohibited. Uniform temperature increase is
applied on the top and bottom boundaries. A small central cutout
is considered as depicted in the � gure. Two eight-layer laminations
are considered,namely cross-ply (0/90/0/90)s and quasi-isotropic
(45/ ¡ 45/ 0/ 90)s . The application of temperature introduces the
geometrically nonlinear problem

KT r = J (1)

where KT is the tangent stiffness and J is the initial load caused by
temperature.The temperature is applied incrementally, and follow-
ing convergenceand the full applicationof the incremental temper-
ature the following eigenvalue problem is solved:

KT x = k Mx (2)

where M is the global mass matrix, k the eigenvalue (natural fre-
quency), and x the eigenvector.

The compositeplate is discretizedwith a setof triangularelements
based on the natural-mode � nite element method.6 In brief, the tri-
angular � nite element is assigned a set of rigid-body and straining
modes. The latter are equal to the global nodal degrees of freedom
minus the number of rigid-body modes.

Figure 2 shows the temperature-frequencycurves for an eight-
layer (0/ 90/ 0/ 90)s cross-plylaminatewith and without cutouts.We
observe that from T =0 to 120±C the presence of the cutout results
in a decreaseof the natural frequencyof the plate.At subsequentfre-
quencies however, the natural frequencyof the plate with the cutout

Received 14 February 2000; accepted for publication 11 March 2000.
Copyright c° 2000 by the American Institute of Aeronautics and Astronau-
tics, Inc. All rights reserved.

¤ SeniorResearch Scientist,LaboratoryofMechanics andMaterials, Poly-
technic School, Box 468.


